A modeling framework is developed which extends the mixed layer model to steady state cumulus convection. The presented framework allows for the evaluation of stationary states dependent on external parameters. These states are completely independent of the initial conditions, and therefore represent an asymptotic tendency which might help deepen our understanding of the dynamics of the cloudy boundary layer. Formulating separate equations for the lifting condensation level and the mixed layer height, the energetic and thermodynamic tendencies can be distinguished. Comparing the buoyancy effects of these tendencies, regimes can be identified which can support steady-state cumulus clouds, and regimes which cannot. Mechanisms are identified which govern the creation and eventual depth of the cloud layer. Model predictions are tested by comparison to a large number of independent Large-Eddy Simulations, under varying large-scale and surface conditions, and are found to be in good agreement.
Introduction
Boundary layer clouds play an important role in both the dynamical and radiative properties of the boundary layer, controlling to an important extent the height, the efficiency of vertical transport and the opacity of the boundary layer. However, these clouds are also notoriously hard to model due to the high resolution needed to resolve boundary layer turbulence. Stratocumulus cloud decks require high vertical resolution to resolve cloud-top entrainment, and properties of cumulus clouds are also sensitive to the horizontal grid resolution due to their inhomogeneity.
Understanding of cumulus clouds has increased significantly over the past decades, in part due to Large Eddy Simulations (LES, e.g. Deardorff 1970 ), which allowed many numerical studies to be performed on detailed cloud processes. Especially understanding the cloud-environment interactions (Paluch 1979; Reuter and Yau 1987; Siebesma and Cuijpers 1995; Heus and Jonker 2008) has been a popular topic over many years, enhancing our understanding of cumulus clouds and improving parameterizations. However, the behavior of the cumulus-capped boundary layer as a whole and the interplay with large scale tendencies and forcings is still poorly understood. This is further emphasized by studies on the wide spread of cloud-climate feedbacks (Dufresne and Bony 2008; Bony et al. 2006) , revealing the large uncertainties associated with the feedback behavior of low clouds. For this reason, this work attempts a very simple modeling approach, regarding the boundary layer as a simple dynamical system. Starting with the mixed layer model for clear convective situations, building on the work of Tennekes (1973) ; Lilly (1968) and, more recently, Vilà-Guerau de Arellano et al. (2004) ; van Driel and Jonker (2011) , the model is further elaborated to include a cloud layer, working in the line of Stevens (2006) , Neggers et al. (2006) and Stevens (2007) . The goal of this exercise is to set up a framework in which one can study the response of cumuliform clouds to large-scale atmospheric forcings and surface properties, minimizing complications by eliminating as many competing complexities as possible. Note that in doing this, a somewhat different approach is chosen than, for example, Bretherton and Park (2008) and Nuijens and Stevens (2011) , which propose more realistic models that focus on the dynamical temporal response of the cloud layer, whereas we focus on the stationary solutions.
Bulk modelling
In order to keep our model as simple as possible, this work will consider a non-advective boundary layer, i.e. u = v = 0 , with horizontally homogeneous turbulent fluxes and sources. The overbar (ψ) in this context represents an ensemble average. Under these conditions, the conservation equation for an arbitrary scalar ψ becomes a one-dimensional equation:
assuming incompressibility. Note that not all assumptions are strictly necessary: an equivalent equation can be found for an advective case with nonzero geostrophic wind in Stevens (2006) . We now assume the boundary layer to be described by profiles as depicted in figure 1. The profiles are assumed well mixed throughout the mixed Fig. 1 . Assumed profile of an arbitrary scalar ψ for the case of a) a clear boundary layer and b) cumulus convection. In this framework, the 'jump' is considered the difference between the value above the boundary layer (+) and the mixed-layer value. Note that the profile for cumulus convection collapses to the clear boundary layer when h = η.
layer, extending up to some mixed layer height η, which equals the boundary layer height h if no cloud layer is present. The boundaries are provided by the free atmospheric value ψ + just above boundary layer height and the surface value ψ 0 in an infinitesimally small surface layer. We integrate over this profile from z = 0 to z = h + , where we define h + = lim ↓0 h + , just above boundarylayer top, to incorporate the discontinuity at the top into the integration.
For simplicity, we assume a constant large-scale vertical velocity 1 which we denote by w s = −w , i.e. positive subsidence denotes downward motion, and constant sources 2 . The result is:
(2) where the subscript denotes the location at which an expression is evaluated, ψ + denoting the value at a height z = h + , ψ m the mixed layer value, and ψ 0 the surface value. The bulk average ψ is defined as:
following Stevens (2006) . In accordance with figure 1, we adopt the notation
If equation (2) is evaluated in steady state, using the fact that turbulent fluxes disappear above the boundary layer, the resulting equation is:
The important observation here is that in steady state, the effects of an eventual cumulus layer with corresponding conditionally stable lapse rate are all absorbed in the 'entrainment' term w s ∆ψ. We emphasize that the term ∆ψ does not denote the jump at boundary layer top, but rather the difference between the free tropospheric value ψ + and mixed layer value ψ m . Intuitively, this can be crudely interpreted by regarding the cumulus layer as a large 'entrainment zone' (Stevens 2007 ).
An explicit introduction of an entrainment velocity w e was made unnecessary by directly integrating over the boundary layer top discontinuity (up to h + ). It can be observed from equation (2) that the introduction of the boundary layer height equation ∂h/∂t = w e − w s would yield the wellknown flux-jump relationship (Lilly 1968) in the case of a clear boundary layer.
2 The derivation is also possible for a case of constant (or even generalized) divergence (w = −Dz) and non-constant sources, as will be shown later.
a. Mixed layer modeling Equation (5) describes the mixed layer values of θ l and q t as follows:
Although perhaps not directly recognizable, these equations are equivalent to the mixed layer equations for the clear boundary layer as formulated by Tennekes (1973) and still used in recent studies (Vilà-Guerau de Arellano et al. 2004; van Driel and Jonker 2011) , in case these are solved for steady state. In that case, the equation dh/dt = w e − w s = 0 requires entrainment to equal subsidence, which is directly implied in equations (6) and (7). This reveals that the equations reduce to the clear boundary layer equations if no cloud layer exists.
Equations (6) and (7) can be solved for the mixed-layer values of liquid water potential temperature θ l,m and humidity q t,m , given sources, fluxes and free atmospheric conditions.
b. Energetical considerations
In order to determine the steady-state mixed layer height η, we consider the boundary layer energetics. We follow the approach of Stevens (2007) and use what is sometimes called the 'dry virtual potential temperature' (Lewellen and Lewellen 2002) :
In the absence of liquid water, θ vd is equal to the virtual potential temperature. As the temperature dependence in the second term is typically negligible, hereafter the dry virtual potential temperature is approximated as a linear relation combination of θ l and q t , i.e. I ≡ I θ ≈ constant.
The use of θ vd has two advantages. First, its turbulent flux reduces to the virtual potential temperature flux in the sub-cloud layer. The profile of the sub-cloud layer virtual potential temperature flux is often assumed to behave analogous to that Fig. 2 . Schematic picture of the connection between the idealized 'free atmosphere' profile, extending from above the boundary layer all the way up to the ground (dashed lines), and the actual profile of the atmosphere, with a boundary layer up to z = h (solid line). The boundary layer is divided into a well-mixed part and a cloudy part.
of the clear boundary layer, such that the entrainment flux relates to the surface flux with a certain efficiency a (Ball 1960; Betts 1973) 
Secondly, as a linear combination of θ l and q t , θ vd is a conserved variable itself. Equation (1) thus applies to θ vd as well; integrating with ψ = θ vd from 0 to η − = lim ↓0 η − , the result in steadystate is
Combined with equation (9), this equation reduces to
from which the steady-state mixed layer height can be solved.
Steady-state solution
In order to describe the environment in a simplified yet generic way, we define the free atmospheric state as the profile the troposphere would have, would there be no boundary layer (extrapolating downward). The formation of the boundary layer can alter these profiles only up to the boundary layer height h such that a top boundary condition is automatically supplied. Now consider the following idealized free atmospheric profiles (dashed lines in figure 2)
Using these definitions, the resulting 'jumps' ∆ψ = ψ + − ψ m = ψ f (h) − ψ m are defined by ψ m and h as follows
A schematic picture of this notion is drawn in figure 2.
In the current idealized framework, the profiles of θ l and q t are kept time-independent by compensating the subsidence with radiative cooling as S θ l = −w s Γ, and setting S q = 0. To avoid introducing an external length-scale into the system, these sources are applied uniformly throughout the atmosphere. This allows equations (6-7) to be solved as follows
where we use the notation ψ to denote the steadystate value of ψ m . Hereafter, the subscript m and the overbar are dropped for convenience. In other words, θ l and q t now denote the mixed layer values of the corresponding scalar unless explicitly mentioned.
Since the sources are now specified, the mixed layer height can be determined from equation (11), resulting in: see also van Driel and Jonker (2011) . The key message is that the current framework allows a simple analytical solution for the steady-state sub-cloud layer values, even though the behavior in the cloud layer is unsolved for. In fact, these solutions are valid in both cloudless and cloudy regimes.
Cloud layer
Betts and Ridgway (1989) traced a parallel route and found the same relation for the stationary mixed-layer height as equation (18). They noted, however, that a discrepancy occurs if we interpret this height as the cloud-base height in the case of cumulus convection.
This discrepancy stems from the fact that equations (16-17) together with the pressure p independently define a stationary lifting condensation level L:
This raises the question whether L or η defines the height where the mixed layer ends and the cloud layer begins. In typical bulk models, L and η are assumed equal, but we stress that their values stem from different, independent derivations. In this work, we attempt a physical interpretation of this seemingly unavoidable discrepancy in steady-state values. We distinguish the mixedlayer height η from the lifting condensation level L without assuming any relation between them.
Interesting in this context is that the solution for η (equation 18) follows from dynamical arguments (buoyancy). In contrast, the lifting condensation level is inherently a thermodynamical property of the boundary layer. Besides being a further argument for the distinction between η and L, this reasoning can be employed for further interpretation. By comparison of η and L, different dynamical regimes can be identified, which can even be related to stationary cloud types.
We propose that the entrainment efficiency a determines the slope of the buoyancy flux, and only to a lesser extent (at least in cumulus cases) its minimum. This follows from equation (9), which can be rewritten to:
in (quasi-)steady-state. Moreover, thermals rising from the heated surface have no knowledge of the value of the lifting condensation level. These thermals rise with an energy such that without clouds, the eventual mixed-layer height settles at η. Now, when the lifting condensation level L is found below η, these thermals form clouds from that level onward, thereby increasing the buoyancy flux due to the liquid water component. This causes the minimum buoyancy flux, found just below the lifting condensation level, to be always smaller in magnitude than a w θ v0 . Hence, the lifting condensation level L determines the minimum of the buoyancy flux. Figure ? ? sketches this idea in the left panel, but also shows LES evidence on the right panel, from a case with arbitrary, but constant, surface fluxes and radiative forcings, started from free atmospheric profiles as equations (12) and (13). This is a single LES case from a large number of similar cases which will be described in section 5 and in the appendix, which typically show similar behavior. Clearly the LES profiles change, but note that while the lifting condensation level varies with time, the slope in the lower part of the boundary layer remains very steady.
We have found a to be approximately equal to 0.4, empirically based on the large number of LES cases performed. Note that we define η as the location of the maximum gradient in the virtual potential temperature profile, following Sullivan et al. (1998) . While this value for a might seem large, we repeat that this value governs the slope of the buoyancy flux and not the minimum, the latter always being smaller in magnitude. In fact, if one were to define an effective entrainment efficiency a eff = −w θ v min /w θ v0 , one would typically find a eff around 0.25. This is illustrated by figure  ? ?. This argument even holds in the case of a clear boundary layer, where often an entrainment layer is found, causing a 'smoothing' of the flux profile, whereas the entrainment efficiency should represent the zeroth order flux. The reader is referred to van Driel and Jonker (2011) for a further discussion on the value of the entrainment efficiency in mixed layer models, including the dependency on LES model resolution.
Cloud regimes
Using the lifting condensation level L and the mixed layer height η to construct the buoyancy flux profile, we can identify three different dynamical regimes which show distinctly different behaviour.
a. Regime I: L > η -Clear layer
In the first regime, the lifting condensation level is found above the mixed layer height in steadystate. No clouds form as rising air will not reach its condensation level before reaching the inversion. A clear boundary layer will develop with a boundary layer height h = η. The model reduces to the mixed layer model as studied by van Driel and Jonker (2011) .
If the steady-state values θ l and q t change, the lifting condensation level L changes accordingly. If L is found below η, condensation occurs within the boundary layer and clouds form.
We limit this regime such that that the minimum buoyancy flux remains below zero:
This regime is thus defined such that the corresponding buoyancy flux reaches negative values, requiring thermals to reach their condensation level through inertia: a path has to be travelled in which they are negatively buoyant. This allows only the stronger thermals to condensate, as is typical for cumulus clouds. This regime therefore spans the range at which steady state cumulus clouds are expected to be found.
This leads us to consider the regime where the minimum buoyancy flux fails to become negative:
Observations suggest (de Roode and Duynkerke 1997) that the degree of coupling is important in regulating the amount of moisture transport into the cloud layer. Among other reasons, this causes the cloud-base (minimum) buoyancy flux to be considered an important parameter when considering the regime boundary between cumulus and stratocumulus (Bretherton and Wyant 1997; Stevens 2000) . A negative cloud base buoyancy flux then typically implies decoupling of the subcloud and the cloud-layer, usually resulting in a cumulus layer.
In the current regime, where the environment is moist enough for the minimum buoyancy flux to remain positive, the mixed-layer is expected to couple with the cloud layer. This renders it likely that the layer will tend to stratocumulus. At that point, however, the liquid water content will become so high that long-wave radiative cooling of the cloud layer is no longer negligible, such that the present model framework breaks down. Whereas it might be a future possibility to expand the model with a stratocumulus entrainment formulation (e.g. Nicholls and Turton 1986; Moeng 2000) , further investigation of the coupled layer state remains outside the scope of this paper.
d. Phase-space
To illustrate the regimes described above in a phase-space of external parameters, we describe the surface fluxes in terms of the surface buoyancy flux ρc p w θ v0 (W m −2 ) and the Bowen ratio β
with c p the specific heat capacity of water and L v the latent heat of vaporization. For simplicity, the fluxes are prescribed and have a constant value over time. Next sections will slowly increase complexity by adding further feedbacks like an airsea interaction in the surface fluxes. This allows effects to be easily isolated and contributed to a certain feedback. The choice of surface fluxes allows a simple interpretation throughout the phase-space. The surface buoyancy flux ρc p w θ v0 describes how much kinetic energy is brought into the boundary layer from the surface, and thereby sets η. Note that equation (18) is a function of the surface buoyancy flux only: η is independent of the Bowen ratio.
The Bowen ratio describes how the surface energy is divided over latent and sensible heat. Thereby, it governs the values of θ l and q t and thus the lifting condensation level L. A lower Bowen ratio will correspond to a lower lifting condensation level with an equal mixed layer height. This obviously corresponds to a situation more favourable to cloud formation.
The cloud regimes are shown in figure 4 , which illustrates model expectations of the cumulus, stratocumulus and clear boundary layer regimes in solid lines. To verify the model, a number of Large Eddy Simulations are performed, each starting at the idealized free atmospheric state described by equations (12-13) with θ f 0 l = 290 K, q f 0 t = 8 g/kg, Γ = 6 K/km and w s = 2 cm/s, thus without an initial boundary layer. The LES simulations are further described in the appendix.
Each simulation started from the same initial conditions and experienced equal atmospheric forcings; only the values of the prescribed surface fluxes differ. The simulations are performed for 100 hours to allow the simulations to reach steady-state. The symbols in figure 4 each represent a separate LES simulation, and the type of symbol depicts the average cloud cover in the last hour of the simulation, which allows the distinction between cumulus, stratocumulus and clear boundary layers.
It is remarkable how each LES simulation ends in its own state, closely corresponding to the model predictions, while each started from the same initial conditions. The right panel of figure 4 shows the time series of cloud cover for selected simulations with equal surface buoyancy fluxes. This panel shows how cases with large Bowen ratios remain cloudless, those with intermediate Bowen ratios develop a cumulus layer and those with low Bowen ratio develop a cumulus layer which later evolves into a stratocumulus layer.
As expected, the model breaks down in the region of fully coupled layers, as the increase in cloud fraction increases the effect of radiative cooling to a point where this is no longer negligible. Therefore, the region of 'stratocumulus' should not be taken too literally, but rather as the breakdown point of the model. Often, simulations do not converge to a steady-state at this point, but rather keep growing, much alike the behavior observed by Bellon and Stevens (2011) . This might be an artefact of the constant subsidence profile, however, which cannot compensate for increased entrainment as radiative cooling increases. Nevertheless, all simulations performed in this region develop a layer with a cloud cover of 100%.
The model thus allows the prediction of stationary cumulus regimes a priori, irrespective of initial conditions. These predictions are in good agreement with LES results.
Sea surface temperature
One could argue that the approach of assuming constant surface fluxes is unrealistic, even in the stationary limit. For one, such an approach neglects the dynamical feedback which occurs as the result of the difference between the boundary layer state and the surface properties. An interesting approach, therefore, is to allow this feedback to occur by introducing limited surface-atmosphere interaction as follows
where θ l,0 is the liquid water potential temperature corresponding to the sea surface temperature and q t,0 the saturation humidity at sea surface temperature. In this approach, we have simplified the transfer coefficient V = C D |U | as a constant to avoid feedbacks in the velocity U and to allow for non-zero surface fluxes while remaining in the idealized case of no mean winds. We set V to the value of 1 cm/s, which would correspond to the transfer coefficient of a case with typical values of wind speed U = 5 m/s and C D = 2.10 −3 . When this surface parameterization is introduced into equations (6-7), the steady-state solutions (16) and (17) become revealing a transparent combination of surface and top conditions acting on the boundary layer. As θ vd is a linear combination of θ l and q t , these steadystate solutions can be combined with equation (8) to find the steady-state buoyancy flux as follows
where θ vd,0 = θ l,0 +˜ I q t,0 represents the sea surface virtual potential temperature. Combining equation (28) with equation (18), η can be expressed as
This completes the steady-state solution in the case of interaction with a constant sea surface. The phase-space of the previous section can now be re-drawn using a sea surface temperature. For verification, the LES sea surface feedback was simplified to behave as equations (24-25) (with the mixed-layer value replaced by the first model level).
The result is displayed in figure 5 . We have chosen to scan a phase-space of sea surface temperature and subsidence, as this allowed us to perform all LES simulations, like before, starting from the exact same initial conditions. Only sea surface temperature, subsidence and radiative forcing (such that always S θ l = −w s Γ) were varied between simulations. The simulations were now run for 300h to allow the extra feedbacks to settle.
Once again, the model is able to provide a surprisingly good outline of the area in the phasespace where cumulus occurs. Even though an extra feedback is introduced through the surface, the analytical solutions of the model still correspond closely to LES results.
The coupled regime, however, seems a lesser indication of a homogeneous cloud deck than it did in the case of constant surface fluxes. This might be partly due to the slower response time of this system, and the fact that the system has an ever-increasing boundary layer height. Therefore, we had to stop the simulations as soon as they reached the top of the domain, which is why those lines in the time series of figure 5 suddenly stop. This further emphasizes that without proper (for example) radiation treatment, the stratocumulus regime should not be taken too literally. Nevertheless, this regime remains to act as the boundary to the regime where steady-state cumulus is possible, and the position of this boundary does seem to be consistent between LES and model predictions.
Solutions for constant divergence a. Constant fluxes
As an alternative to constant subsidence one could consider other subsidence profiles. The derivation in section 2 can also be performed in the case of a constant divergence D, for example. The expectation would be that ever-growing boundarylayers should not occur, given that the strength of the counteracting subsidence increases with height. For now, we return to fixing the surface fluxes, such that the response of the system to a constant divergence can be isolated and studied.
Integrating equation (1) under constant divergence, the result can be shown to become:
where the turbulent flux at h + vanishes. The first difference is that we now have to define
where ψ is dependent on the cloud layer structure as it represents the bulk average, i.e.
h 0 ψdz/h. In order to remain consistent in keeping the free troposphere stationary through radiative cooling, we require
Combined with equation (30) and requiring steadystate, the resulting equation becomes
with Γ ψ = Γ for ψ = θ l and Γ ψ = 0 for ψ = q t . This equation can be rewritten to a steadystate expression for the bulk averaged scalar ψ:
It becomes apparent that the introduction of a height-dependent subsidence profile tends to complicate the model when compared to that of a constant subsidence. The first complication has been mentioned above: the bulk average of ψ includes the cloud-layer profile. Integrating the profile of figure 1 from 0 to h yields the following expression:
where γ ψ is the cloud-layer stability ∂ψ/∂z (not to be confused with the free atmospheric lapse rate Γ ψ ). However, it lies outside the scope of this work to incorporate an (empirical) expression for γ ψ into the model framework. To still be able to make a rough estimate and hopefully describe the most important underlying mechanisms, we neglect the effect of cloud-layer stability in the divergence term 3 . At the cost of some added complexity, Bellon and Stevens (2011) show how one could take the internal structure into account by introducing a parameter α, which in this framework would be defined as α = ψ(h − ) − ψ m /ψ + − ψ m . They show that in general, α = 0.35 is a reasonable choice for a model taking the internal structure in account. Neglecting the effect, as we will, can be loosely interpreted as taking α = 0. The result is that we approximate ψ ≈ ψ m such that equations (6) and (7) become
3 Note that the bulk average only appears in the largescale velocity term in equation (30) . The effect of divergence on the cloud-layer stability is not very large: taking somewhat extreme (in the current framework) values as an upper bound -η = 500 m, w θ l = 0.05 K m/s, D = 2.10 −5 s −1 and γ θ l = 3 K/km -the difference between a cloudless situation h = η and a very thick cloud layer h = 1500 m has an effect of about 1 K. Given the uncertainties in the assumption of a single profile and a bulk lifting condensation level, an uncertainty which is typically below 1 K is not insurmountable. 
Due to increasing subsidence with height, the mixed layer height now depends on the root of the surface flux and thus reacts less to the flux than it does in a constant subsidence case. This seems understandable as the boundary layer experiences a larger subsidence as the layer grows. The most important difference between the solutions under constant subsidence (equations 16-18) and those under constant divergence (equations 36-38) is the appearance of h in the latter. It would seem we now find four unknowns in only three equations. However, equations (36-38) can be used to infer the behavior of h.
Start by assuming a clear, cloudless, boundary layer. In that case, all three equations can be solved, as h = η. This yields steady-state values of θ l ( η), q t ( η) and η. Here, we denote ψ(h) to emphasize the dependence of the steady-state solutions for the mixed-layer scalar values on the boundary-layer height h. For a true CBL, θ l ( η) and q t ( η) will be such that L( η) > η.
However, a cloudless layer will be impossible if the steady-state solutions are such that θ l ( η) and q t ( η) combine to a lifting condensation level L( η) < η. In this case, the formation of clouds will increase the boundary layer height h, such that θ l (h) > θ l ( η) and q t (h) < q t ( η) in general, i.e. warming and drying the atmosphere, as follows from careful inspection of equations (36-37). The lifting condensation level L increases as a result, until the point that L( h) = η. The lifting condensation level cannot increase beyond that point, for that would decrease the cloud amount and thereby reduce h.
In other words, the boundary layer will now grow until the lifting condensation level L(h) has become equal to the mixed layer height η. This provides the fourth equation:
an implicit equation for the steady-state boundary-layer height h. In the case of constant divergence, therefore, the cloud layer adapts the lifting condensation level to equal the mixed layer height. This does not mean the distinction between the two has become meaningless. Instead, it indicates the system's tendency for the dynamical and thermodynamical processes to adapt to one another.
b. Phase-space
We repeat the study of the phase-space as in section 5d, yet apply a constant divergence instead of a constant subsidence. The result is shown in the left panel figure 6, which follows from numerically solving equation (39).
Again, LES results are overlaid using symbols describing the cloud state, this time with color coding corresponding to the boundary layer height h. Given the surface buoyancy flux, the model predicts a clear boundary layer at equal height for all large enough Bowen ratios. Clouds form as the Bowen ratio decreases, after which the lifting condensation level adapts itself to the mixed layer height. The cloud layer depth increases in order to adapt L, such that it becomes thicker as the Bowen ratio decreases. Considering that the mixed layer height in equation (38) is a function of surface buoyancy flux only, the surprising result is that the steady-state lifting condensation level is determined by the surface buoyancy flux, and independent of Bowen ratio.
This behavior is qualitatively well reproduced by LES. All simulations with constant Bowen ratio converge to the same mixed-layer height, both for clear boundary-layer cases and for those with an additional cloud layer on top. Secondly, the increase in cloud layer depth as a function of decreasing Bowen ratio is clearly reproduced, although simulations consistently reach a higher height than predicted by the model when cumulus clouds form. This seems to be due to cloud-layer profiles, which do -for thicker cloud layers -no longer correspond to the idealized profile of figure 1, as the cloud layer stability does not remain constant with height.
The attentive reader will have noticed that if the boundary layer adapts its lifting condensation level to the mixed layer height, the coupled regime (regime III of section 5, L < η/(1 + a) ) can never be reached. Indeed, the phase-space of figure 6 shows only cumulus and clear solutions, which appears to be confirmed by LES results.
It appears that given the preconditions of the presented framework, stratocumulus clouds simply do not occur. This is a strong indication that the current framework misses a key physical mechanism to describe the phenomenon of stratocumulus. The most obvious of such mechanisms is the presence of cloud-induced long-wave radiative cooling, which is presently not accounted for. Long-wave cooling introduces two important effects which are unconsidered in this work. First, it acts as a heat sink in the cloud layer, and as such could be added to the source term S θ l in equation (30) for z > L. Secondly, and perhaps more importantly, long-wave cooling adds a top-driven energy source to a system which is otherwise fully surface-driven. Where all kinetic energy present in the current framework can be retraced to a surface driving, long-wave radiative cooling causes the occurrence of 'falling' parcels of air from the top. Indeed, the 'smoke' case (Bretherton et al. 1999 ) is often considered representative for some energetical considerations of stratocumulus and has no surface driving whatsoever.
Within the context of this framework, it is likely that the addition of top-driven parcels invalidate the closure of an 'entrainment efficiency' through equation 9. Whereas it will be an interesting challenge to study whether the presented framework can be adapted to continuously transgress to a mixed layer model for stratocumulus, it is outside the scope of this work. To complete the study of the system in an environment of constant divergence, we add the seasurface feedback to the system as we did in section 6, by introducing equations (24-25). The resulting mixed layer solutions become:
Note that the solutions for the case of constant subsidence and sea surface temperature (eqs 26-27), as well as those in the case of constant divergence and fluxes (eqs 36-37) can be recognized in these solutions. The largest increase in complexity with regard to the previous section appears in the solution for the mixed layer height η. The surface-buoyancy flux reaches a steady-state solution as follows
The solution for the mixed layer height, equation (38), remains valid and is repeated here for convenience
However, in this case the surface buoyancy flux is not constant but given by equation (42). The consequence is that η has become dependent on h, and therefore on the cloud layer as well.
d. Phase-space
The coupling between cloud layer and sub-cloud layer has become further intertwined through airsurface interaction. Whereas the cloud layer height in all cases depends on the sub-cloud layer dynamics, the sub-cloud layer height was independent of the cloud layer until now.
In this case of constant divergence with a seasurface feedback, the solutions have fully coupled, such that none of the model variables { θ l , q t , η, h} can be regarded as independent of some others.
The phase-space describing this system is depicted in figure 7. Since the boundary layer height now depends on both sea surface temperature and divergence, the left hand panel shows the model prediction for the cloud layer depth h − η instead of that of h, to clarify the behavior of the cloud layer. The overlaid symbols depict individual LES simulations as before. Time series of the boundary layer height evolution of all the cases with a sea surface temperature of 288 K are shown in the right panel, showing a more detailed view of the time evolution of the boundary layer.
Even though the added feedbacks increase the complexity in the dynamics of the system, the general behavior can be understood using the notions from previous sections. Steady-state solutions are defined by an interplay between surface and free atmospheric conditions like they were in section 6. Given constant free atmospheric conditions, an increased sea surface temperature therefore leads to a warmer, moister, and therefore higher boundary layer. Cloud formation occurs more easily above a warmer sea since moisture becomes more rapidly available following the Clausius-Clapeyron equation.
At the same time, the steady-state mixed layer height typically increases as divergence decreases, corresponding to intuition. Cumulus clouds, therefore, form more easily in regions of little divergence, as this allows the mixed layer to deepen and reach the lifting condensation level.
Typical parameter values for the trade wind areas in the current climate (Bony et al. 2006; Zhang et al. 2009 ) correspond to the lower right corner of figure 7 (left panel). It should be no surprise that this region is nested firmly in the cumulus regime.
Large-Eddy Simulations confirm the model predictions in the same fashion as they did in section 7a. Once more, the general behavior is well reproduced, but the LES simulations tend to form deeper cloud layers than the model predicts. This is due to bulk profiles which deviate from the idealized profile in figure 1.
Mechanisms of the system's response to external forces
Four categories of model results are presented in this paper, combining constant subsidence or constant divergence with constant fluxes or a constant sea surface temperature. The behavior of the cloud layer varies quite significantly over these categories, motivating a brief summary describing the essential mechanisms which we could isolate and identify, and how these mechanisms combine to result in the observed behaviour of the system.
a. Constant subsidence
The advantage of studying cases under a subsidence profile constant with height is that steadystate solutions are independent of boundary-layer height. This is due to the fact that in steady state, entrainment always balances subsidence, implying that steady-state entrainment is independent of height.
This causes the thermodynamical properties of the boundary layer to become independent of height, and hence so does the lifting condensation level. The result is that cumulus clouds have become something close to a passive property of the boundary layer. We can now identify one of the main preconditions of a steady-state cumulus layer: the lifting condensation level has to have a height such that thermals from the surface have energy enough to reach it, L < η, yet also such that the minimum buoyancy flux is smaller than zero, L > η/(1 + a).
b. Divergence
By introducing a subsidence profile which increases in height due to a divergence D, the boundary layer is allowed an extra mechanism. Through increasing the cloud layer depth, the boundary layer is able to entrain warmer and dryer air, and at a faster rate. The result is a boundary-layer which adapts its cumulus cloud layer depth to find a height with just the right thermodynamical properties for cumulus to persist.
If the cloud layer is too shallow, the boundary layer also remains relatively cold. This causes more and stronger clouds too form, which increase the cloud layer depth and thereby warm the boundary layer. This warming reduces the amount of condensation which occurs (i.e. increases the lifting condensation level) and therefore reduces the amount and strength of the clouds, until the cloud layer depth is stabilized. This argument simultaneously applies for moisture, where a thicker cloud layer dries the boundary layer. The eventual cloud layer depth, therefore, is governed by the external forces acting on the boundary layer.
c. Sea-air interaction
The introduction of sea-air interaction, irrespective of subsidence, alters the steady-state solutions in no fundamental way. It does, however, clarify the relative influence of surface and top (free atmosphere). Steady state values for θ l and q t can be explicitly traced back to a simple combination of surface and free tropospheric influence.
Overall, cumulus clouds develop and increase in height as the sea surface temperature increases and divergence (or subsidence) decreases. This is in good accordance with the ubiquity of shallow cumulus in the trade wind regimes (e.g. Stevens 2006; Rauber et al. 2007 ).
Discussion and concluding remarks
Not many of the concepts described in this work are new in itself. In fact, the modeling framework is for a large part based on the mixed-layer modeling approach formulated by Tennekes (1973) . Although less often applied to cumulus convection than to the clear boundary layer, cumulus modeling was already shown possible by Lilly (1968) and Betts (1973) , and many followed since then. The explicit distinction between lifting condensation level and mixed-layer height in the equations originates from Betts and Ridgway (1989) , even though it has been used only scarcely since.
The novelty in this work may lie in the 'bulk' interpretation of the cumulus layer. Where much work is available which describes cumulus cloud processes in detail, and even models it accordingly, this work regards the cloud layer as a whole as an integral part of the boundary layer.
It appears the cloud layer depth is not determined by how much energy individual cloudy thermals have and how high this allows them to penetrate into the free atmosphere, even though this might govern the dynamics of an individual cloud. The cloud layer as a whole is part of a self-regulating feedback system in which the cloud layer acts to increase entrainment such that the boundary layer can adapt to external forcings from the surface and top.
The cloud layer depth is the main control on the magnitude of the entrainment, increasing the amount and rate at which dry, warm air is introduced into the boundary layer. This effect introduces an inherently negative feedback, reducing the cloud layer which itself was responsible for the effect, thereby stabilizing the boundary layer state.
Secondly, the framework allows a simple description of the eventual stationary boundary layer and cloud state without describing processes which are important to the internal cloud structure, such as the mass flux development and lateral entrainment and detrainment. This enabled the present simplified study of the behavior and occurrence of the cumulus cloud layer and how it responds to external influences. Moreover, it also allows the setup of other (numerical) experiments of cumuluscloud capped boundary layers in arbitrary surroundings and forcings, always in steady-state. Such experiments can be a further aid in studying the response of these process-level cloud layer properties to varying temperature, humidity and forcings.
This way the present framework can also be informative on the problem of low cloud feedback. Trough applying realistic changes in SST and divergence, in line with climate model projections under a doubled CO2 scenario, the modified steady state solutions provide direct information on the sign and strength of the feedback in the trade wind cumulus regime (Zhang and Bretherton 2008) .
Of course, the boundary-layer in reality has to react to environmental forcings which hardly resemble the idealized settings used in this study. Nevertheless, we hope to have identified and even isolated some of the processes through which a cumulus layer influences the boundary layer system in response to external forcings, providing many avenues for further studies.
